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and
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This paper presents a new sequential design procedure for determining an optimal control moment gryo
momentum management and attitude control system for the Space Station Freedom. First, the space station
equations of motion are linearized and uncoupled, and the associated state space equations are defined. Next,
a new sequential procedure is used for the development of a linear quadratic regulator with eigenvalue placement
in a specified region of the complex plane. The regional pole assignment method is used since it is best suited
for tradeoffs between eigenvalue locations and robustness with respect to parameter variations, sensor failures,
implementation accuracies, and gain reduction. The matrix sign function is used for solving the Riccati
equations, which appear in the design procedure. Simulation results are given which show that the resultant
design provides desired system performance.

Introduction

PHYSICAL realizations of engineering systems result, in
general, in large-scale models. In most eases, it is imprac-

tical to consider the analysis and design of the large-scale
system model itself. This is the case with the model represent-
ing the space station dynamics. Therefore, the necessity arises
for decomposing the original system into decoupled subsys-
tems, each with their own distinct characteristics, thus facili-
tating the application of the well-known analysis and design
methods in control theory to subsystems of small order.

Two approaches to decomposing the space station model in-
to decoupled subsystems are possible. The first of these is an
algebraic method1 based on the matrix sign function2 for
separating the dominant from the nondominant modes of a
large-scale multivariable system. Fast and stable algorithms
have recently been developed for the computation of the ma-
trix sign function.3

The second approach derives from the dynamics of the
"phase 1" space station shown in Fig. 1. Small products of
inertia in the equations of motion permit pitch motion to be
uncoupled from roll/yaw motion (see Refs. 4 and 5). This
paper will follow the second approach and, consequently,
pitch control and roll/yaw control will be treated separately.

The space station shown in Fig. 1 will employ control mo-
ment gyros (CMGs) as actuators during normal flight mode
operation. Since the CMGs are momentum exchange devices,
external control torques must be used to desaturate the CMGs,
i.e., bring the momentum back to a nominal value. An ap-
proach to CMG momentum management is a "continuous"
approach6 that integrates the momentum management and
attitude control design. A scheme, based on this continuous
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approach, has been presented by Wie et al.6 for the synthesis
of a controller for the space station momentum management
and attitude control. In the development of the controller,
Wie et al.6 have accommodated for aerodynamic disturbance
rejection via the use of a cyclic disturbance rejection filter.
However, the determination of the feedback gains using the
LQR technique is quite arbitrary since it involves trial and
error in assigning weighting matrices and also does not always
result in desirable closed-loop poles.

In this paper, a systematic approach is developed to synthe-
size an optimal multivariable controller for the space station
momentum management and attitude control. The approach
combines the regional pole assignment method and optimal
control techniques for determining the optimal feedback
gains. The disturbance rejection filter will be accommodated
in the proposed design.

The optimal linear quadratic (LQ) design method has sev-
eral good properties. For instance, the closed-loop system is
stable and has good robustness properties provided the
weighting matrices satisfy certain positivity conditions.7 The
transient behavior of the closed-loop system is, however, diffi-
cult to determine since there is a complex relation between the
weighting matrices and the closed-loop poles. This implies that
the weighting matrices have to be determined through trial and
error. Pole placement methods have the advantage that the
closed-loop poles can be specified. The drawback is the
nonuniqueness of choice of feedback for multivariable sys-
tems. Furthermore, it is too restrictive to place the poles in
predetermined locations8 since, for nonlinear systems, the ex-
act location of the closed-loop poles might be difficult to
attain for each operational condition. However, the regional
pole assignment method is suited for tradeoffs between eigen-
value locations, actuator signal magnitudes, and requirements
of robustness against large parameter variations, etc.8 It is well
known8 that if the poles of a system lie within the sector region
(hatched) in Fig. 2, then the system responses converge at
appropriate speed, and any existing vibrating modes are well
damped.

The problem of designing feedback gains to optimally place
all the poles of a closed-loop system within a specified region
was first studied by Anderson and Moore,7 who used a shifted
system matrix to obtain an optimal closed-loop system with its
eigenvalues lying in the open, left half side of a vertical line on
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the negative real axis. Shieh et al.9'10 extended this idea to
optimally place the poles within a vertical strip as well as a
horizontal strip in the left half plane. Kawasaki and
Shimemura11 proposed an iterative procedure to place the
poles inside a hyperbola in the left half plane, which is actually
an approximation of the sector region shown in Fig. 2. In Ref.
12, a state-space design method has been developed to place
the eigenvalues of a general continuous time system within the
hatched region of Fig. 2.

Mathematical Models for Momentum Management
of the Space Station

The space station in circular orbit is expected to maintain
local vertical and local horizontal (LVLH) orientation during
normal mode operation. The nonlinear equations of motion in
terms of components along the body-fixed control axes can be
written as6
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where (1,2,3) are the roll, pitch, and yaw control axes whose
origin is fixed at the mass center, with roll axis in the flight
direction, the pitch perpendicular to the orbit plane, and the
yaw toward the Earth; (0i,02,03) are the roll, pitch, and yaw
Euler angles of the central (body) axes with respect to LVLH
axes, which rotate with the orbital angular velocity, n;
(coi,co2,co3) are the body-axis components of the absolute angu-
lar velocity of the station; (/n,/22,/33) are the moments of
inertia; /// = ///(/ ^y) are the products of inertia; (/*i,/*2,/*3) are
the body-axis components of the CMG momentum; («i,w2,w3)
are the body-axis components of the control torque caused by
the CMG momentum change; (W!,w2,vv3) are the body-axis
components of the external disturbance torque; and AT is the
orbital rate of 0.001 1 rad/s.

For small attitude deviations from LVLH orientation with
an assumption that n > I Ac*)/ 1 , i = 1,2,3 where Aco = [coi,o>2 +
«,fc)3]r, the linearized equations of motion can be written as

Space station dynamics (/// = /// for /
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Fig. 1 Phase 1 Space Station Freedom.
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CMG momentum:

A! - nh, = W j (7a)

h2 = u2 (7b)

h, + /*/*! = U, (7C)

Equations (5-7) can be put together and written in the
following state-space form:

CO
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where w, 0, h, u, and w are column vectors consisting of co/,
^/, /?/, w/, and w/, / = 1, 2, 3, respectively. Also,
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The cyclic component at orbital rate is due to the diurnal bulge
effect, whereas the cyclic torque at twice the orbital rate is
caused by the rotating solar panels. The state-pace representa-
tion in Eq. (8) is the most general form of the three-axis
coupled linear equations and will be the basis of our controller
design.

For the minimization of the steady-state oscillation of pitch,
roll/yaw attitude and CMG momentum, Wie et al.6 have
proposed appropriate cyclic disturbance filters. These are

ti + n2oij = i / = 2,3

(Ha)

(lib)

The preceding equations can be also written in the following
state-space form:
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where a, a, and a are column vectors consisting of the ele-
ments ex/, ex/, and ex/, / = 1, 2, 3, respectively. The correspond-
ing vectors in # are also similar. The Ah = [e?i, 0, 0] and
A6 = [0, £?2, e3] where e, = [1, 0, 0]r, e2 = [0, 1, 0]r, and
<?3 = [0, 0, l]r. Equation (12) can be joined with the model in
Eq. (8) to give us the space station model with cyclic distur-
bance rejection.

To avoid CMG momentum buildup, we also introduce an
integral of the CMG momentum vector h, i.e.,
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Combining Eqs. (12) and (13) with Eq. (8), we obtain the final
state-space representation to be used for the control design as
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and

(9d)

The / represents the inertia matrix with elements /// and Id,
representing a 3 x 3 identity matrix. The external disturbances
(aerodynamic disturbances) w/ are modeled as bias plus cyclic
terms in the body-fixed control axes:

w/(f) = bias + An sin(«/ + c/>J + A2n sin(2nt + </>2A7) (10)

In the following section, we will introduce optimal regional
pole assignment for continuous time systems in a general
state-space representation.

Optimal Quadratic Regulators with Pole Placement
Consider the linear controllable continuous time system

described by [similar to Eq. (14) without considering w]

(15)

where x(t) and u(t) are the n x 1 state vector and the m x 1
input vector, respectively, and A and B are constant matrices
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of appropriate dimensions. Let the quadratic cost function for
the system in Eq. (15) be

Table 1 Space station parameters

J = lxT(t)Qx(t) + uT(t)Ru(t)} dt
Jo

(16)

where the weighting matrices Q and R are n x n nonnegative
definite and m x m positive definite symmetric matrices, re-
spectively. The feedback control law that minimizes the per-
formance index in Eq. (16) is given by Ref. 7:

= -R~lBTPx(t) + r(t) (17)

where K is the feedback gain, r(t) is a reference input, and P,
a n x n nonnegative definite symmetric matrix, is the solution
of the Riccati equation

PBR~1BTP-PA -ATP-Q=On (18)

with (Q,A) detectable. The superscript T and the matrix On
denote the transpose and the n x n null matrix, respectively.
Thus the resulting closed-loop system becomes

(19)

The eigenvalues of A -BK, denoted by \(A -BK), lie in the
open, left-half plane of the complex s plane. Our objective is
to determine Q, R, and K so that the closed-loop system in
Eq. (19) has its eigenvalues on or within the hatched region of
Fig. 2. The important results along with the design procedure
to achieve the desired design are presented in the following.

Lemma 77>9: Let (A,B) be the pair of the given open-loop
system in Eq. (15). Also, let or>0 represent the prescribed
degree of relative stability. Then, the eigenvalues of the
closed-loop system A -BR~1BTP lie to the left of the -a
vertical line with the matrix P being the solution of the Riccati
equation

PBR-lBTP-P(A+aIdn)-(A+aIdn)TP = (20)

where the matrix Idn is an n x n identity matrix.
Theorem I12: Let the given stable system matrix A£(R.nxn

have eigenvalues X,~ (/ = 1, ..., n ~) lying in the open sector in
Fig. 2 with the sector angle ±45 deg from the negative real
axis and the eigenvalues X/" (/ = 1, ..., n +) outside that sector
with n - n ~ + n +. Now, consider the two Riccati equations

QBR-lBTQ-Q(-A2)-(-A2)TQ = On (21a)

PBR-lBTP-PA-ATP-Q = On (21b)

Then, the closed-loop system

Ac=A-rBK=A-rBR~lBTP (22)

will enclose the invariant eigenvalues X/~ (i = 1, ..., n ~) and at
least one additional pair of complex conjugate eigenvalues
lying in the open sector in Fig. 2 for the constant gain r in Eq.
(22) satisfying

'l Z ? + ^
&'

(23)

wherea=tr[(^-157P)2], b=tr[BR-lBTPA], and c = (1/2)
xtr[BR-{BTQ].

Remark 1: The steady-state solutions of the Riccati equa-
tions in Eqs. (20) and (21) can be found using the matrix sign
function techniques,13'14 and a brief review of this is given in
the Appendix.

Design Procedure
The steps to optimally place all the closed-loop eigenvalues

in the hatched region of Fig. 2 are described as follows.

Inertia, slug-ft2

In
/22
/33
/12
/13
/23

50.28£6
10.80£6
58.57£6

-0.39E6
OA6E6
OA6E6

Aerodynamic torque, ft-lb
W\ l + sin(rtO + 0.5 sin(2«0
W2 4 + 2 sin(flO + 0.5 sin(2nt)
Wi 1 + sm(nt) + 0.5 sin(2w/)

Step 1
Let the given continuous time system be as in Eq. (15).

Specify or so that the — a vertical line on the negative real axis
would represent the line beyond which the eigenvalues have to
be placed in the sector of Fig. 2. Also, assign A0 = A and the
positive definite matrix R . Set / = 1. If the system is unstable,
then solve Eq. (20) to obtain the closed-loop system A\ = A -
r^BR ~1BTP0 = A - roBK0, with r0 = 1; else (stable system) go
to step 2 with A\ = A, P0 = On, and r0 = 0.

Step 2
Solve Eq. (21a) for Q with A:=Af. Check if (1/2) x

tr[BR ~ lBTQi] is zero. If it is equal to zero, go to step 4 with
j = /; else, continue and go to step 3. Note that when (1/2) x
tr[BR ~ lBTQj] - 0, all eigenvalues of the matrix A] lie on or
within the open sector of Fig. 2.

Step 3
Solve Eq. (21b) for P/ with ,4 : = ,4, and Q: = &. Then, the

constant gain r,- can be evaluated using Eq. (23). The closed-
loop system matrix is

(24a)

Set /: = / + ! and go to step 2.

Step 4
Check if tr[(Aj + aldn)]+ (sum of the eigenvalues to the

right of the vertical line at - a) is zero. If it is equal to zero,
go to step 5 with P/+ i = Ow and rj+i = 0; else, solve Eq. (20)
for Py+i with A:-Aj and obtain the closed-loop system
A - r+ iBR ~ 1BTPJ + i=Aj- rj+ \BKj+ b with rj+i = l and

StepS
The designed closed-loop system is

(24b)

and its eigenvalues lie in the hatched region of Fig. 2. Note
that the preceding system matrix in Eq. (24b) is equal to the
system matrix in Eq. (19), A -BR~1BTP, where P is the
solution of the Riccati equation in Eq. (18) with

Q = 2a(P0 + P, + i) + t (Qi + (25)

In the preceding equation, Ar/ = r/ - 1 and the matrix R is as
originally assigned. Also, the optimal continuous time regula-
tor can be given as

/;+i \
« ( ' ) = - ( £ rfa }x(t) + r(t) = - Kx(t) + r(t) (26)

V = o /
where r(t) is any reference input and K is the desired state
feedback gain.

Pitch Control Without Disturbance Rejection Filter
The pitch axis controller for the system in Eq. (14) consists

of a single input u2 and four states: 02, co2, h2, \h2. The pitch
control law is then given by

u2= - h2 (27a)
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Fig. 3 Pitch axis response without disturbance rejection filter.
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Inertial properties of the phase 1 space station are shown in
Table 1.

The uncontrolled phase 1 space station is unstable in pitch
with poles at s - ± 1.52/1 and a double pole at the origin (i.e.,
s =0,0). To relocate the unstable double pole at the origin
(i.e., s = 0,0) to the stable double pole at — 1.0/2 (i.e.,
s = - l.Ort, — 1.0/2), which has a damping constant equal to
1 .0« , we set the degree of relative stability a in Lemma 1 as
a = 0.5/2 and go to step 1 of the "design procedure" to solve
for A} = A - r<>BR -1BTP0 where R = Idn and r0 = 1.0. The
resulting eigenvalues of matrix A\ are located at

-1.0*. -1.0/2, -1.52/2, -2.52/2

From step 2, we solve for Q\ and compute (l/2)tr
[BR ~lBTQi], which we find equal to zero. Thus, the eigenval-
ues of the matrix Al lie within the open sector of Fig. 2. The
corresponding pitch axis control gains are given as follows:

= [-2.2022£'2 -1.3193£5 -5.5772E-3 -2.0074£*-6]
(27b)

The closed-loop response of the system to the aerodynamic
disturbance torque listed in Table 1 is shown in Fig. 3. Initial
conditions are 02(0) = 1 deg, w2(0) = 0.001 deg/s, and /z2(0) = 0
ft-lb-s. The disturbance torque causes the periodic responses
of both pitch attitude and CMG momentum. The pitch atti-

tude oscillates about a - 7.5-deg torque equilibrium attitude
(TEA).

Simulation results from Ref. 6 using the LQR approach are
included in Fig. 3 for comparison.

Pitch Control with Disturbance Rejection Filter
Depending on the situation, either pitch attitude or CMG

momentum oscillation, caused by the aerodynamic distur-
bance torque, may be undesirable. In that event, a cyclic
disturbance rejection filter can be employed as discussed in
Ref. 6.

The rejection filter equations for pitch attitude for the sys-
tem in Eq. (14) are shown in Eq. (lib). The initial conditions
for a2, #2» <*2» and /32 were arbitrarily set to zero in this study.

We now repeat the pitch control synthesis of the previous
section, augmenting the pitch axis equation with the preceding
filter equations. The pitch control law is then given by

«2= - #/42#2 - KR2<*2 - KH2h2 - K/2 \h2-K(X2oi2-Kdl26i2

-Krfi-K^ (28)
The system poles are located at s = 0,0, ± 1.52/2, ± l.Q/iy,

and d= 2.0/2y. To keep the same degree of relative stability as
for the pitch control without the disturbance rejection filter,
we use the same a (i.e., a = 0.5/2) in the design procedure to
compute the matrix A\ with eigenvalues located at

-1.0/2, -1.0/2, -1.52/2, -2.52/2
(-1.0±2.0y>
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Fig. 4 Pitch axis response with disturbance rejection filter.

From the distribution of the eigenvalues, we observe that the
eigenvalues of the controlled station in the pitch axis without
the rejection filter (i.e,, - I.On9••— l.On, - l.52n, - 2.52«)
have been kept invariant for minimizing the control gains,
while the eigenvalues of the uncontrolled rejection filter (i.e.,
±1.0«/, ±2.6nj) have been optimally relocated from the
imaginary axis (the line with a (damping constant equal to zero)
to the — I.On vertical line (the line with a damping constant
equal to '1.On) oh the negative real axis (i.e., - i'.Qri ±'l.Onj,
-1.On ±2.0/z/). One pair of the controlled rejection filter
eigenvalues (i.e., - 1 .On ± 1 *0nj) has a damping ratio exactly
equal to 0.707, and the other pair (i.e., - I On ± l.Onj) has a
damping ratio equal to 0.45, which lies outside the sector with
a ±45^}eg sector angle. By repeated application of the pro-
posed procedure, we can place the pair in the desired sector.
However, the procedure was not continued due to the observa-
tion that the pair in question has fairly good damping charac-
teristics (i.e., the damping constant is I.On and the damping
ratio is 0.45). The corresponding control gains are given as
follows:

— 7.5-deg pitch TEA at about two orbits. Again, results from
Ref. 6 using the LQR approach are included in Fig. 4.

Roll/Yaw Control Without Disturbance
Rejection Filter

The roll/yaw controller for the system in Eq. (14) consists
of two inputs, MI and w3, and eight states, including 0i,.o>i, hi,
]hi (roll axis) and 03, o>3, /z3, J/z3 (yaw axis). The control law is
then given by

u\ = —

U3= -

(30a)

(30b)

= [-6.4661£'2 -3.3878^5 -2.0330E-2 -5.0184^-6 -2.9730£'-4 -S.8668^-1 -6.2144£-4 -3.4480E-1]

The closed-loop response of the system is shown in Fig. 4.
The asymptotic rejection of the aerodynamic disturbance is
evidenced by the pitch attitude which becomes constant at

(29)

The uncontrolled station is unstable in roll/yaw with poles
at 0,0, ± l.Q/i/, and (± 1.05 ± O.lj)n. As in the pitch axis
case, we go to step 1 of the continuous design procedure.
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Fig. 5 Roll/yaw response without disturbance rejection filter.
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Fig. 6 Roll/yaw response with disturbance rejection filter.
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Again, we set a. = 0.5/2 and use the matrix sign function to
solve the Riccati equation and obtain the matrix A\. The
eigenvalues of A{ are located at

-1.0/2, -1.0/2, (-1.0±l.Q/)/i,

(-1.05 ± 0.1 j)n, (- 2.05 ± 0.1 j)n

Thus, we see the eigenvalues of A\ lie within the region of Fig.
2. The corresponding control gains are given as follows:

[ K v v v j s v v i s ^*Al A/JJ A//J A/j A,43 A/?3 A//3 A/3

IV- j£»- j£>" IV- f>- jj> inr iTr I

/I I •*"•/?] -**//j ^1 ^3 ^3 3̂ ^3J

The responses to the same disturbances and initial condi-
tions given in the roll/yaw control without disturbance rejec-
tion filter are shown in Fig. 6. The yaw attitude approaches a
steady-state value, and the yaw axis CMG momentum contin-
ues to oscillate but at a lower peak-to-peak magnitude. The
roll attitude is unchanged.

Conclusions
This paper presents a multivariable design approach using

optimal regional pole assignment. A new sequential procedure

[
~ L

-9.5746E2 -6.1390£5 -5.5096£-3 2.2936£-
-3.2524£2 -1.4063JS5 -1.7273£-3 -2.6038E-

6 -1.4405£2 2.0593E5
-6 -4.0321£2 -4.9358£5

4.5858£-3
-3.9067£-3

2.590£-<
8.094£-'

The closed-loop responses of the system to the aerodynamic
disturbances of Table 1, with initial conditions of 0i(0) =
03(0) = 1 deg and o>i(0) = o>3(0) = 0.001 deg/s, are shown in
Fig. 5. Again we see periodic oscillations in both attitude and
momentum due to aerodynamics.

Roll/Yaw Control with Disturbance Rejection Filter
As discussed in Ref. 6, cyclic disturbance filtering is possible

for roll axis CMG momentum and yaw axis attitude but not
the roll axis attitude. In this paper, a rejection filter for yaw
attitude is considered.

The rejection filter equations for yaw attitude are given in
Eq. (lib). The roll/yaw control logic for the system in Eq.
(14) is given by

u\ - — h\ —

(31a)

- #//3^3 - A'/,

(31b)

(30c)

is used for optimally placing the closed-loop poles of a contin-
uous time system within the common region of an open sector
with a sector angle ± 45 deg from the negative real axis and
the left-hand side of a line parallel to the imaginary axis in the
complex 5 plane without explicitly using the eigenvalues of the
open-loop system. The proposed optimal regional pole assign-
ment method provides an efficient procedure to select the state
weighting matrix for the linear quadratic optimal design of a
space station. The sensitivity of the design to modeling errors
and the extension of the proposed optimal regional pole as-
signment method to include a closed sector with a sector angle
less than 45 deg are under study.

Appendix
Matrix Sign Function2

The matrix sign function of a matrix At <3" x wl~3 is defined
as

sigm>4) = (Al)

Proceeding as before, the closed-loop eigenvalues are lo-
cated at

-1.0/7, -l.O/i, (-1.0± 1.0y)/2, (-l.0zhl.0y>

( - 1 .05 ± 0.7/> , ( - 2.05 ± 0.7/> , ( - 1 .0 ± 2.0y>

Similar to the pitch control case, the eigenvalues of the con-
trolled station in roll/yaw without the rejection filter are kept
invariant to minimize the control gains, whereas one pair of
the eigenvalues of the controlled rejection filter (i.e.,
— l.O/i ± 2.0/27) is retained outside the desired sector due to
fairly good damping characteristics. The corresponding con-
trol gains are given as follows:

K =
-1.3348£3 -8.5335£5 -8.8180£-3 3.7827E-6 6.1431£1
-3.8116^2 -3.3496£5 -6.3889£-3 -4.4046£-6 -1.3072£3

2.1021E-6 1.1653E-4 4.2140E-2 -1.2852E-3 2.9121E -
2.5368£-6 5.0171£-4 -1.6119E-1 2.1461E-4 -1.1196E-

where the matrix Vyf2 denotes the principal square root of A 2.
A fast and stable algorithm3 to compute the matrix sign func-
tion is listed below. For k - 0, 1, ...,

withy =2,..., r

(A2a)

S(k + 1) = S(k)Qr-l(k)Pr(k), S(0) = A9 lim S(k) = sign(,4)
Ar-»oo

(A2b)
where r is the order of the desired rate of convergence.

Solving the Riccati Equation via the Matrix Sign Function
The Riccati equation for the controllable continuous time

system (A,B) with weighting matrices Q(>0) and R(>0) is
given by

PBR~1BTP-ATP-PA -Q= (A3a)

3.0567£'5
-4.5138£5

5.4920^-3
-2.4012E-4

(31c)
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The steady-state solution of this Riccati equation, P( > 0) with
(Q,A) detectable, can be easily computed using the properties
of the matrix sign function.13'14 Consider the Hamiltonian
associated with the given system

r A -BR-*B*\
H=[-Q -A- \ (A3b)

The following algorithm can be used to obtain the solution P:

/ /*+,= (l/2)[Hk + Hk~ll H0 = H, and Km Hk = sign(//)

Let

+ (H) = (l/2)(Id2n

Then, we have

(A4a)

(A4b)

(A5)

To alleviate the problems of computing Hk
 l, the Hamilto-

nian can be transformed into a symmetric form as follows14:

(A6a)

Then, the algorithm Eq. (A4) becomes

Hk+ , = (\/2)[Hk + JHk~ 1J], H0 = JH

(A6b)

The computation of the inverse of the symmetric matrix Hk is
much simpler than computing the inverse of Hk. The Riccati
solution P is again given by Eq. (A5).
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